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We show that an ultra-cold atomic cloud bouncing on an oscillating mirror can reveal spontaneous
breaking of a discrete time translation symmetry. In many-body simulations we illustrate the process
of the symmetry breaking that can be induced by atomic losses or by a measurement of particle
positions. The results pave the way for understanding and realization of the time crystal idea where
crystalline structures form in the time domain due to spontaneous breaking of continuous time
translation symmetry.
PACS numbers: 11.30.-j, 03.75.Lm, 05.45.-a
Symmetries of a quantum many-body Hamiltonian are
reflected by properties of its eigenstates. However, there
are systems whose eigenstates are extremely vulnerable
to any symmetry breaking perturbation. Bose gas in a
symmetric double well potential, with attractive parti-
cle interactions, is a simple example [1–5]. The ground
state of the system reflects the symmetry of the external
potential but it cannot be easily prepared in an exper-
iment because it is a macroscopic superposition of two
Bose-Einstein condensates (BEC) located in different po-
tential wells. Loss of a particle is sufficient to break the
symmetry and accumulate all remaining particles in one
of the wells. Breaking of a symmetry due to an infinitesi-
mally weak perturbation is called spontaneous symmetry
breaking phenomenon.
Spontaneous breaking of continuous spatial translation
symmetry to discrete spatial translation symmetry is re-
sponsible for formation of space crystals. Recently it has
been proposed that similar phenomenon can also occur
in the time domain [6, 7]. That is, it is possible to invent
systems where the ground state of a time-independent
Hamiltonian reveals spatially homogeneous flow of par-
ticles which under any symmetry breaking perturbation
changes spontaneously to periodic motion of spatially in-
homogeneous structures. Such a spontaneous breaking of
continuous time translation symmetry to a discrete one is
termed time crystal formation, see Fig. 1. Two different
systems have been proposed: a bright soliton formed by
attractively interacting particles on an Aharonov-Bohm
ring [6] and ions on a ring in the presence of an external
magnetic field [7] (see also [8–12]). These proposals trig-
gered debate in the literature whether time crystal for-
mation is possible. It seems that different assumptions
can lead to contradictory conclusions [13–22].
In the present paper we consider a periodically driven
many-body system whose description can be reduced to
a Hilbert space spanned by two periodically evolving
modes. As in the case of a Bose gas in a double well po-
tential [1–5], a spontaneous symmetry breaking process
occurs. In our example, eigenstates of the system pos-
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FIG. 1: Panels show probability of detecting a system at a
fixed position versus time. Top panels present effects of spon-
taneous breaking of continuous time translation symmetry in
the course of time crystal formation. Bottom panels show the
situation considered in the present paper where spontaneous
symmetry breaking results in a change from a discrete time
translation symmetry to another discrete one but with a twice
longer period T .
sess discrete time translation symmetry which is sponta-
neously broken to another discrete translation symmetry
but with a longer period, see Fig. 1. The spontaneous
symmetry breaking that is predicted within the mean
field approach, can be analyzed in full many-body simu-
lations. Moreover it can be realized in ultra-cold atoms
experiments. While the system considered in the present
paper does not precisely reproduce the idea of time crys-
tals, where spontaneous breaking of the continuous time-
translation symmetry is required, it shows a possibility
of time-translation symmetry breaking by an infinitesi-
mally small perturbation. The results pave the way for
understanding and realization of the time crystal idea.
We consider N atoms that form a Bose-Einstein con-
densate and bounce on an oscillating, horizontally ori-
ented, atomic mirror in the presence of the gravitational
2field [23–25]. We assume that the atomic cloud is strongly
confined in the transverse directions by means of a har-
monic potential so that description of the system can
be reduced to the one-dimensional Hamiltonian. In the
mean field approach all atoms occupy the same single
particle wave-function which is a solution of the Gross-
Pitaevskii equation (GPE) [26]. Thus the GPE of the
considered system, in the coordinate frame moving with
the mirror [34], can be written as
(
H0 + g0N |ψ|2
)
ψ =
i∂tψ with
H0 = −1
2
∂2z + V (z) + λz cos(ωt), (1)
where V (z) = z for z ≥ 0 and V (z) = ∞ for z < 0.
In (1) we have used the gravitational units, i.e. l0 =
(~2/m2g)1/3, t0 = (~/mg
2)1/3 and E0 = mgl0 for length,
time and energy, respectively, where m is atomic mass
and g gravitational acceleration. The parameter ω stands
for the frequency of the mirror oscillations, λ/ω is related
to the oscillation amplitude and g0 = 2ω⊥a(m/~g)1/3
is the particle interaction strength [26] where a is the
atomic scattering length and ω⊥ is the frequency of the
harmonic potential along the transverse directions.
Let us begin with the g0 = 0 case. We, then, deal
with a single particle described by the time-dependent
Schrödinger equation. Periodically driven systems pos-
sess quasi-energy eigenstates, so called Floquet states
|ψn(t)〉, that are eigenstates of the Floquet operator [23].
In our case the Floquet operator readsHF = H0−i∂t. All
quasi-energy eigenstates ψn(z, t) are time-periodic with
the period 2pi/ω. Spectrum of the corresponding eigen-
values εn is not bounded — it is periodic with the period
ω. The Floquet formalism is in full analogy to the Bloch
theorem in solid state physics.
Classical motion of a particle bouncing on an oscillat-
ing mirror is irregular. If the driving amplitude λ is not
too big there are regular resonance islands in the phase
space that are located around periodic orbits whose peri-
ods match s2pi/ω where s is integer. If a resonance island
is sufficiently large it is possible to find, in the quantum
description, a Floquet state that reveals a localized wave-
packet moving along a periodic orbit without spreading
[23]. In the following we concentrate on the s = 2 res-
onance. For s = 2 a single wave-packet moving on the
periodic orbit cannot form a Floquet state because the
period of the orbit is twice longer than the period of
the Floquet states. Consequently the desired Floquet
state must be a superposition of two wave-packets prop-
agating along the orbit with the 2pi/ω delay. Two wave-
packets can form two different and orthogonal superposi-
tions. Therefore, we should actually expect two Floquet
states which reveal pairs of wave-packets moving along
the periodic orbit [23]. In Fig. 2(a)-(b) we show an ex-
ample of such Floquet states for λ = 0.06 and ω = 1.1.
Two quasi-energy levels associated with the s = 2 res-
onance are separated by ω/2 + J , where J is a small
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FIG. 2: (color on line) Panel (a) shows modulus squared of
Floquet states ψ1(z, t) (black solid line) and ψ2(z, t) (red dash
line) of a single particle bouncing on an oscillating mirror in
the presence of the gravitational field at t = 0, see the Hamil-
tonian (1), and for ω = 1.1 and λ = 0.06. The presented Flo-
quet states are associated with the s = 2 classical resonance
and consist of two wave-packets moving along a periodic or-
bit. The wave-packets propagate with the period 4pi/ω and
with the 2pi/ω delay with respect to each other what makes
the resulting Floquet states periodic with the period 2pi/ω.
Panel (b) shows the same as (a) but for t = pi/ω when the
separation of the wave-packets is clearly visible (the interfer-
ence fringes around z = 0 are related to the reflection of the
wave-packets from the mirror). Bottom panels present a sta-
ble solution of the GPE (2), for g0N = −0.5, that breaks the
original time translation symmetry — this solution reveals a
single wave-packet that propagates along the classical peri-
odic orbit with the period 4pi/ω. Panel (c) is related to t = 0
while (d) to t = pi/ω. Black solid lines, in (c) and (d), corre-
spond to the results of the numerical integration of (2) while
red dash lines (hardly distinguishable from the solid lines) are
related to the results of the two-mode approximation. The
gravitational units are used, see the text.
tunneling rate of individual wave-packets — if a single
wave-packet is prepared initially, it moves on the peri-
odic orbit but after time 1/J tunnels to a position of the
other missing wave-packet. Semiclassical calculations re-
sults in J ≈ 8
√
2λ3/4
pi
√
ω
exp(−16pi
√
λ/ω3) which is a good
estimate provided there is no avoided crossing with any
other quasi-energy level [23].
Now let us switch to the g0 6= 0 case. For a periodically
driven non-linear system, we may still look for analogues
of Floquet states, i.e. time-periodic solutions of the GPE,
[
H0 + g0N |ψ(z, t)|2 − i∂t
]
ψ(z, t) = µψ(z, t). (2)
For g0N → 0, solutions of (2) associated with the classi-
cal s = 2 resonance are identical with the corresponding
Floquet states of the linear system. However, when |g0N |
increases, a bifurcation takes place and there appear sta-
ble solutions that reveal a single wave-packet moving
along the classical periodic orbit, see Fig. 2(c)-(d). The
period of such solutions is twice longer than the period
3of the external driving. Thus, we observe time transla-
tion symmetry breaking where stationary mean-field so-
lutions possess different symmetry than the symmetry
of the original many-body Hamiltonian. In order to de-
scribe the system in the vicinity of the bifurcation point
let us apply a two-mode approximation [1–5] which turns
out to be very accurate. That is, we look for solutions of
(2) in the form ψ ≈ φ1a1 + φ2a2 with φ1,2 = [ψ1(z, t) ±
e−iωt/2ψ2(z, t)]/
√
2, where ψ1,2 are the Floquet states of
the linear system, presented in Fig. 2(a)-(b), that are
normalized according to
∫∞
0 dz
∫ 4pi/ω
0 dt|ψ1,2|2 = 1. The
φ1,2 modes are single wave-packets propagating along the
periodic orbit with the period 4pi/ω. Then, the energy
functional of the system can be approximated as follows
E =
∫ ∞
0
dz
∫ 4pi/ω
0
dt ψ∗
(
H0 − i∂t + g0N
2
|ψ|2
)
ψ
≈ −J
2
(a∗1a2 + a
∗
2a1) +
UN
2
(|a1|4 + |a2|4)
+2U12N |a1|2|a2|2 + const., (3)
where J = ε2 − ε1 − ω/2, U = g0
∫
dzdt|φ1|4 and
U12 = g0
∫
dzdt|φ1|2|φ2|2. Extrema of E are given by so-
lutions of the GPE (2). For ω = 1.1 and λ = 0.06 we ob-
tain J = 3.6×10−5, U/|g0| = 1.66×10−2 and U12/|g0| =
2.76× 10−3. If N |U − 2U12| < J , there are two solutions
of the GPE, i.e. ψ± = (φ1 ± φ2)/
√
2, which are stable.
For g0 < 0 and ifN |U−2U12| > J , the ψ+ is unstable and
there appear two new stable solutions that correspond to
the minimal value of E, i.e. ψ±v =
√
1±v
2 φ1 +
√
1∓v
2 φ2,
where v =
√
1− J2/[N(U − 2U12)]2. If g0 > 0, when we
cross the bifurcation point, the ψ+ mode remains stable
but the ψ− function, corresponding to the maximal value
of E, looses its stability and two new stable solutions are
born. The two-mode approach predicts accurately the
appearance of the bifurcation point and results in a very
good approximation for the solutions of the GPE (2). In
Fig. 2(c)-(d) we present comparison of the solutions ob-
tained within the two-mode approach and by numerical
integration of (2).
The tunneling splitting J is very small. Thus, even
very weak particle interactions lead to the bifurcation
and breaking of the original time translation symmetry
in the mean-field description. The solutions ψv and ψ−v
correspond to the same extremal value of E and both of
them can be realized in an experiment with equal proba-
bility — which of them is realized in a particular exper-
iment is determined in a spontaneous symmetry break-
ing process. In order to simulate the symmetry breaking
process we switch now to the many-body description. We
have seen that the two-mode approximation is very ac-
curate in the mean-field approach. Therefore, we apply
the same approximation in the many-body problem [3–
5]. To this end, the bosonic field operator is truncated,
i.e. ψˆ(z, t) ≈ φ1(z, t)aˆ1 + φ2(z, t)aˆ2, which leads to the
many-body Hamiltonian Hˆ of a similar form as E in (3)
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FIG. 3: Left column shows time evolution of the single par-
ticle probability density corresponding to the ground state
of the Hamiltonian (4) for g0N = −0.5, N = 10
4 and
the other parameters as in Fig. 2 — from top to bottom:
t = 0, pi/ω, 2pi/ω, 3pi/ω and 4pi/ω. Middle column presents
similar data but in the case when every pi/ω period posi-
tions of 100 atoms are measured. Initially the single particle
density ρ0(z, 0) ≈ 0.5N
[
|φ1(z, 0)|
2 + |φ2(z, 0)|
2
]
and because
|φ1(z, 0)|
2 = |φ2(z, 0)|
2, the measurement of particle positions
is not able to break the time translation symmetry. When t
increases, |φ1(z, t)|
2 6= |φ2(z, t)|
2 and even a measurement of a
single particle can break the symmetry and result in a collapse
of the system to one of the two propagating wave-packets, see
the second panel from the top in the middle column. Right
column shows the results of the measurements of positions of
100 atoms, i.e. at t = 0 we measure positions of 100 atoms, let
the remaining atoms evolve and after pi/ω we again measure
positions of 100 atoms and so on. The histograms presented
in the right column indicate that time periodic evolution of
the system after the spontaneous time translation symmetry
breaking can be observed in a single experimental realization.
The gravitational units are used, see the text.
but with a1,2 → aˆ1,2. In order to see the symmetry of the
many-body Hamiltonian more transparently it is useful
to introduce operators cˆ1,2 = (aˆ1 ± aˆ2)/
√
2 which anni-
hilate particles in the modes ψ1(z, t) and e
−iωt/2ψ2(z, t),
respectively, then,
Hˆ ≈ −J
2
(
cˆ†1cˆ1 − cˆ†2cˆ2
)
+
1
4
(U − 2U12)
×
[
(cˆ†1)
2cˆ22 + (cˆ
†
2)
2cˆ21 + 2cˆ
†
1cˆ1cˆ
†
2cˆ2
]
, (4)
modulo constant. From (4) it is apparent that there
are two classes of eigenstates. Eigenstates from the
first class are spanned by Fock states with only even
occupations of the ψ1 mode while eigenstates from the
other class by Fock states with the odd occupations
only. It implies that the many-body Floquet states
are also eigenstates of the operator that translates the
system in time by 2pi/ω. This is illustrated in Fig. 3
where we plot time evolution of the single particle den-
sity ρ0(z, t) = 〈ψ0|ψˆ†(z, t)ψˆ(z, t)|ψ0〉 where |ψ0〉 is the
ground state of the Hamiltonian (4) corresponding to
4g0N = −0.5, N = 104 and the same values of λ and
ω as in Fig. 2.
For g0 < 0, the energy splitting between the ground
energy level and the first excited level of (4) is ex-
tremely small [35] and tends to zero when N → ∞ but
g0N =const — the Gaussian state approximation in the
effective N -body approach [5] results in the energy split-
ting proportional to N exp(−αN) where α is a positive
constant. This suggests that for large N even a tiny per-
turbation can disturb the system dramatically. We will
analyze the effect of successive measurements of positions
of atoms on the state of remaining particles. Probability
density for a measurement of a single atom at position z
in the system prepared in a N -body state |ψ〉 is propor-
tional to the single particle density 〈ψ|ψˆ†(z, t)ψˆ(z, t)|ψ〉.
When an atom is localized at a given position z1 in a
measurement process at t = t1, it is annihilated from the
system, i.e. |ψ(1)〉 ∝ ψˆ(z1, t1)|ψ〉 is a new state of the
remaining (N − 1) atoms [27, 28]. The state |ψ(1)〉 can
evolve in time and at t = t2 another measurement of atom
position can take place after which there is a novel state
of the remaining particles, i.e. |ψ(2)〉 ∝ ψˆ(z2, t2)|ψ(1)〉
where z2 has been chosen according to the single particle
density 〈ψ(1)|ψˆ†(z2, t2)ψˆ(z2, t2)|ψ(1)〉. Such a sequential
procedure can simulate an intentional measurement pro-
cess as well as atomic losses that can happen in an atomic
system due to, e.g., molecule formation in a three-body
collision [29].
Assume that N = 104 body system is initially
prepared in the ground state of the Hamiltonian (4)
|ψ0〉 for g0N = −0.5. The single particle density,
whose evolution is shown in Fig. 3, reads ρ0(z, t) ≈
0.5N
[|φ1(z, t)|2 + |φ2(z, t)|2]. At t = 0, we have |φ1|2 =
|φ2|2 and the measurements of particle positions are not
able to break the time translation symmetry. When t
increases the wave-packets |φ1(z, t)|2 and |φ2(z, t)|2 start
moving in the opposite directions and even a single mea-
surement of an atom position can break the symmetry.
That is, the initially fragmented BEC [26] collapses to a
single BEC with all remaining atoms occupying the mode
φ1(z, t) or φ2(z, t) depending on the result of the position
measurement. Further evolution of the system and the
next measurements of atom positions do not change the
form of the state, i.e. once the time translation symmetry
is broken, a BEC propagates along the periodic orbit with
the period twice longer than the period of the many-body
Floquet Hamiltonian. Figure 3 illustrates the symmetry
breaking process. In this figure we also present the re-
sults of the measurements of small fractions of atoms per-
formed every pi/ω period which indicates that repeated
measurements can reveal the effect of spontaneous sym-
metry breaking in a single experimental realization.
In order to see signatures of the spontaneous time
translation symmetry breaking in an experiment a few
elements have to be realized in a laboratory. An oscil-
lating atomic mirror can be created by means of a time
modulated evanescent wave [30]. Initially, in the absence
of the mirror oscillations, a BEC has to be prepared in
a collectively excited state that will match the resonance
with the external driving [23] — in the present paper
we have considered the 19th excited state. The excita-
tion can be done by swiping a focus laser beam along the
condensate many times [31] or by an appropriate phase
imprinting [32]. Then, the time modulation of the evanes-
cent wave has to be slowly turned on which allows the
system to follow adiabatically the desired Floquet state.
At the end of this process the system reveals the spon-
taneous time translation symmetry breaking if particle
interactions are attractive, i.e. g0 < 0, and J > 0. If
they are repulsive, g0 > 0, no symmetry breaking occurs
because the ground state of the Hamiltonian (4), that
is followed adiabatically, is always a nearly perfect BEC
and does not suffer from a symmetry breaking perturba-
tion regardless the bifurcation condition is fulfilled or not.
Thus, depending on the sign of g0, that can be controlled
by means of a Feshbach resonance [26], the final state
reveals periodic motion with a period 2pi/ω or 4pi/ω.
It is worth making comment on the case of strong re-
pulsive particle interactions, i.e. when NJ ≪ (U−2U12).
Then, the ground state of (4) becomes a Fock state
|N/2, N/2〉 where the same numbers of atoms occupy the
φ1,2 modes. At t when |φ1| ≈ |φ2|, a measurement of
positions of some fraction of atoms reveals interference
fringes similar as in Fig. 2(a) but with a random posi-
tion, cf. interference of two independent BEC’s [27]. If at
t+2pi/ω another position measurement is performed, the
results reveal again interference fringes and again with a
random position because the strong interactions push the
system again to a fragmented BEC state.
In summary, we have analyzed the process of sponta-
neous time translation symmetry breaking that is a key
element of the formation of time crystals. We have con-
centrated on a specific system that can be realized exper-
imentally in ultra-cold atomic gases. That is, ultra-cold
atoms bouncing on an oscillating mirror in the presence of
the gravitational field. We have shown that atomic inter-
actions lead to the time translation symmetry breaking
in the mean-field description of the system. Many-body
simulations indicate that while the system eigenstates are
also eigenstates of the original time translation operator,
they are sensitive to infinitesimal symmetry breaking per-
turbation in the limit of N →∞. We have simulated the
process of the symmetry breaking that can be induced by
measurements of particles positions or by atomic losses.
I thank Kuba Zakrzewski for introducing me to the
time crystal phenomenon. I am also grateful to Do-
minique Delande for the discussion. Support of Pol-
ish National Science Centre via project number DEC-
2012/04/A/ST2/00088 is acknowledged. The work was
performed within the project of Polish-French bilateral
programme POLONIUM and the FOCUS action of Fac-
ulty of Physics, Astronomy and Applied Computer Sci-
5ence of Jagiellonian University.
[1] A. Smerzi, S. Fantoni, S. Giovanazzi, and S. R. Shenoy,
Phys. Rev. Lett. 79, 4950 (1997).
[2] S. Raghavan, A. Smerzi, S. Fantoni, and S. R. Shenoy,
Phys. Rev. A 59, 620 (1999).
[3] G. J. Milburn, J. Corney, and E. M. Wright, D.F. Walls,
Phys. Rev. A 55, 4318 (1997)
[4] R. Gati and M. Oberthaler, J. Phys. B 40, R61 (2007).
[5] P. Ziń, J. Chwedeńczuk, B. Oleś, K. Sacha and M. Trip-
penbach, EPL, 83 64007 (2008).
[6] F. Wilczek, Phys. Rev. Lett. 109, 160401 (2012).
[7] T. Li, Z. X. Gong, Z. Q. Yin, H. T. Quan, X. Yin, P.
Zhang, L. M. Duan, and X. Zhang, Phys. Rev. Lett. 109,
163001 (2012).
[8] A. Shapere and F. Wilczek, Phys. Rev. Lett. 109, 160402
(2012).
[9] M. N. Chernodub, Phys. Rev. D 87, 025021 (2013).
[10] F. Wilczek, Phys. Rev. Lett. 111, 250402 (2013).
[11] J. T. Mendonça and V. V. Dodonov, Journal of Russian
Laser Research 35, 93 (2013).
[12] R. Yoshii, S. Takada,S. Tsuchiya, G. Marmorini, H.
Hayakawa, and M. Nitta, arXiv:1404.3519.
[13] J. Zakrzewski, Physics 5, 116 (2012).
[14] P. Coleman, Nature (London) 493, 166 (2013).
[15] P. Bruno, Phys. Rev. Lett. 110, 118901 (2013).
[16] F. Wilczek, Phys. Rev. Lett. 110, 118902 (2013).
[17] P. Bruno, Phys. Rev. Lett. 111, 029301 (2013).
[18] T. Li, Z. X. Gong, Z. Q. Yin, H. T. Quan, X. Yin, P.
Zhang, L. M. Duan, and X. Zhang, arXiv:1212.6959.
[19] P. Bruno, Phys. Rev. Lett. 111, 070402 (2013).
[20] P. Nozières, arXiv:1306.6229.
[21] G. Volovik, JETP Lett. 98, 491 (2013).
[22] H. Watanabe and M. Oshikawa, arXiv:1410.2143.
[23] A. Buchleitner, D. Delande, and J. Zakrzewski, Phys.
Rep. 368, 409 (2002).
[24] A. Benseghir, W. A. T. Wan Abdullah, B. B. Baizakov,
and F. Kh. Abdullaev, Phys. Rev. A 90, 023607 (2014).
[25] B. Gertjerenken and Martin Holthaus, New J. Phys. 16,
093009 (2014).
[26] C. Pethick and H. Smith, Bose-Eistein condensation in
dilute gases (Cambridge University Press, Cambridge,
England, 2002).
[27] J. Javanainen and S. M. Yoo, Phys. Rev. Lett. 76 161
(1996).
[28] J. Dziarmaga and K. Sacha, J. Phys. B, 39, 43 (2006).
[29] J. Dziarmaga and K. Sacha, Phys. Rev. A 68, 043607
(2003).
[30] N. Westbrook, C. I. Westbrook, A. Landragin, G.
Labeyrie, L. Cognet, V. Savalli, G. Horvath, A. Aspect,
C. Hendel, K. Moelmer, J.-Y. Courtois, W. D. Phillips,
R. Kaiser and V. Bagnato, Phys. Scr. T78, 7 (1998).
[31] B. Damski, Z. P. Karkuszewski, K. Sacha, and J. Za-
krzewski, Phys. Rev. A 65, 013604 (2001).
[32] S. Burger, K. Bongs, S. Dettmer, W. Ertmer, K. Sen-
gstock, A. Sanpera, G. V. Shlyapnikov, and M. Lewen-
stein, Phys. Rev. Lett. 83, 5198 (1999).
[33] M. Machholm, A. Nicolin, C. J. Pethick, and H. Smith,
Phys. Rev. A 69, 043604 (2004).
[34] In order to switch from the laboratory frame to the coor-
dinate frame that moves with the oscillating mirror the
following sequence of unitary transformations has been
applied: U1 = e
ip λ
ω
cos(ωt), U2 = e
izλ sin(ωt) and finally
U3 = exp
{
i
[
λ
ω2
sin(ωt) + λ
2
8ω
sin(2ωt)− λ
2t
4
]}
.
[35] Note that we measure energy modulo ω/2.
